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Abstract

Using a simple macroeconomic model and a model with microeconomic foundations about
behavior of consumers and firms, we examine the budget deficit in a growing economy, and
will show mainly the following results. 1) If the initial savings is positive (or investment of
private firms is not large), we need budget deficit including interest payments on government
bonds to maintain full employment with or without inflation. 2) If the initial savings is
negative (or investment of private firms is large), investment of private firms cannot be
financed only by consumers’ investment, but also by the government. 3) If the interest rate on
the government bonds is larger than the growth rate, the budget surplus excluding interest
payments is necessary to maintain full employment under constant prices.

Keywords: inevitability of budget deficit, growing economy, MMT, Functional Finance
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1. Introduction

In this paper we examine the role of budget deficit in an economy which grows by
technological progress from the perspective of the Functional Finance Theory (Lerner, 1943,
1944) and MMT (Modern Monetary Theory or Modern Money Theory, Wray, 2015; Kelton,
2020; Mitchell, Wray, & Watts, 2019, Note 1). We consider two types of the model of a
growing economy. The first is a simple macroeconomic model which includes investment of
firms. However, there is no microeconomic foundation about behaviors of consumers and
firms. The second is a model with microeconomic foundations of consumers and firms with
bequest motive of consumers without investment of firms. The firms produce differentiated
goods under monopolistic competition.

In the next section we examine the budget deficit in a simple macroeconomic model with
investment of private firms, and will show the following results.

1) (Proposition 1)

(1) If the initial savings is positive (or investment of private firms is not large), we need
budget deficit including interest payments on government bonds to maintain full employment
with or without inflation.

(11) If the budget deficit is larger than the value, which is necessary and sufficient to maintain
full employment without inflation in eq. (4), inflation is induced, and it is smaller than that
value, recession is triggered.

(ii1) If the interest rate of government bonds is larger than the real growth rate, we need
budget surplus excluding interest payments to maintain full employment without inflation.

2) (Proposition 2)

(1) If the initial savings is negative (or investment of private firms is large), we need budget
surplus including interest payments to maintain full employment with or without inflation.

(11) If the initial savings is negative, investment of private firms cannot be financed only by
consumers’ investment, but also by the government.

In Section 3 we use a model with microeconomic foundations about behaviors of consumers
and firms with bequest motive of consumers, and will show the following results.

1) (Proposition 3)

(1) We need budget deficit (including interest payments on government bonds) to maintain
full employment when the economy grows at the positive rate by technological progress
under constant prices.

(i1) If the interest rate on the government bonds is larger than the growth rate, the budget
surplus excluding interest payments is necessary to maintain full employment under constant
prices.

2) (Proposition 4)
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(1) If the budget deficit is larger than the level which is necessary and sufficient to maintain
full employment under constant prices, inflation is triggered.

(2) If inflation occurs for one period only, then the steady-state value of each variable
multiplied by the inflation rate returns the economy to growth under constant prices.

(3) If inflation continues, then growth, including price increases, continues under the value of
each variable that caused inflation multiplied by the inflation rate.

2. A Simple Macroeconomic Model with Investment
In this section we use a simple macroeconomic model with investment of private firms. We

assume full employment. Let ¥;, I;,, G, be GDP, investment and fiscal spending in a period
(Period 1), S, be the savings carried over from the previous period (Period 0), ¢, (0 < ¢ < 1),

t, (0<t<1), r, (0<r<1) be the propensity to consume of the consumers, the tax rate and

the interest rate of government bonds. In Period 1 we have

The consumers spend the portion of the savings, including interest, carried over from Period
0 and income, represented by ¢, on consumption. The savings in Period 1 is obtained as

follows.
The savings are made in the form of government bonds. They do not include purchase of
stocks. It is an investment I,. Then, we get

This is the difference between the savings in Period 1 and that in Period 0. (1) means that it
equals the budget deficit including interest payments on the government bonds.

Similarly, in the next period, Period 2, we have

Y,, I, G, be GDP, investment and fiscal spending in Period 2. They are nominal values.

Suppose the economy is growing nominally at a rate of g+ p + gp from one period to the
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next. g is the real growth rate, and p is the inflation rate. Then, the nominal growth rate is

(1+g)(1+p)—1=g+p+gp.
We can assume
L=>0+g90+pY, L=(1+g0+p)
and we obtain

(1+g)(1+p)Y;
=(1+g)(1+plc(1-0)Y, +ec(1+r)S;+(1+g)(1+p); +(1+g)(1+p)G,.

The savings in Period 2 is
S,=(1-c1+nS;+(1+g)1+p)1-o)(1-t)Y;— (1 +g)(1 +p)I,
=(1+g)(1+p)e;,—(1+g)(1+p)t¥, +(1+71)S,.
Therefore, we find

Generally, for Period n,

1+ '1+p)" 'y,
=1+ 1+p) " te(l-t)Y,+c(1+1S, , +(1+ )" 1+p)" L+ (1
+g)" 1+ p)" G,

The savings in Period n is

Sp=(1-0)1+1)S, 1 +(1+g)" " A+p)" 7 (1-0)1 -0, -1+ 9" (1 +p)" ']

=(1+" ' A+p)" 6 - A+ @ A+ ) TR + (1 +1)S, .
Therefore,

Sp=Spor =L+ )" (1+p)" 6 - (L+g)" (A +p)'tYy +7S5, 4 ()
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=G, —tY, +75,_,.

This means that the difference between the savings in Period n and that in Period n—1

equals the budget deficit including interest payments on government bonds. The following
equation would hold for a steady-state growth path.

Sp=(1+g)"(1+Dp)"So, Spoy = (1 +g)" (1 +p)" S,
Then, (2) means
1+t A+p)" g +p+gp)So=(1+g)" (1 +p)" (6 — ¥, +75).
Thus, we have
G, —tY,+1r5,=(g+p+gp)s,
or

G —tY;=(g+p+gp—1)S,

Generally, for Period n,

Gp—tY, +75,_ ;= (1+g)" (g +p+gp)So 3)

or
G, —tY,=(1+g)" (g+p+gp—71)5,

Now assume S, > 0, that is, the savings in Period 0 is positive. We call it the initial savings.
In this case investment of private firms is not large. (3) is positive whether or not p > 0 or
p =0, that is, with or without inflation. Thus, we need budget deficit to maintain full

employment with or without inflation. Since we assume full employment, assuming p =0 in

(3), the budget deficit which is necessary and sufficient to achieve full employment without
inflation is obtained as follows.

G, —tY, +75,_, = (1+g)" gS,. 4)
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If the budget deficit is larger than this value, inflation is induced, and if it is smaller than this
value, recession is triggered.

From (3)

G, —t¥, = (1+g)" (g—1)S,.

Therefore, if r > g, that is, the interest rate of government bonds is larger than the real

growth rate, we need budget surplus excluding interest payments (G, — tY, < 0) to maintain
full employment without inflation. Summarizing the results,
Proposition 1

1) If the initial savings is positive (or investment of private firms is not large), we need
budget deficit including interest payments on government bonds to maintain full employment
with or without inflation.

2) If the budget deficit is larger than the value, which is necessary and sufficient to maintain
without inflation in (4), inflation is induced, and it is smaller than the value in (4), recession
is triggered.

3) If the interest rate of government bonds is larger than the real growth rate, we need budget
surplus excluding interest payments to maintain full employment without inflation.

Now consider a case where S, < 0, that is, the initial savings is negative. Then,

S;=(1+g)1+p)S; <0,
and
S, =(1+g)"(1+p)"S, < 0.
Therefore, the savings in each period is negative. In this case
tY, — G, — 1Sy =—(g +p + gp)S,.> 0,
and
t¥, — G, — 1S, 1= —(1+g)" (g +p+gp)Se>0.

These mean that we need budget surplus including interest payments to maintain full
employment with or without inflation. Negative savings implies the following:
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I, >(1—0)(1+7)Sy+ (L —c)(1—1)Y,,

I>(1—c) (1475, +(1—c)(1—0D)Y,,

and
L=(1-c)(1+n)s,_,+(1l—-c)(1-0)¥, +t¥,—G,—715,_1,

for each period. Therefore, investment of private firms cannot be financed only by
consumers’ investment (stock purchase), but also by the government. This is the meaning of
the budget surplus. We have shown the following results

Proposition 2

1) If the initial savings is negative (or investment of private firms is large), we need budget
surplus including interest payments to maintain full employment with or without inflation.

2) If the initial savings is negative, investment of private firms cannot be financed only by
consumers’ investment, but also by the government.

3. A Model with Microeconomic Foundations Without Investment
3.1 The Model

Next we consider a model with microeconomic foundations under monopolistic competition.
Our model is a two-periods (1: younger or working, and 2: older or retired) overlapping
generations (OLG) model. It is according to Otaki (2007, 2009, 2015), and a generalization of
Tanaka (2020) in which perfect competition is assumed. The structure of our model is as
follows.

1) There is one factor of production, labor, and there is a continuum of perishable goods
indexed by z €[0,1]. Good z is monopolistically produced by firm z with increasing or
decreasing or constant returns to scale technology. The technology progresses at the rate
g = 0.

2) During Period 1, each consumer supplies labor, consumes the goods and saves asset and
income for his consumption and bequest in Period 2. He is employed or not employed.
Savings are made through government bonds that earn interest. More generally, savings can
be thought of as being made in terms of interest-bearing government bonds and

non-interest-bearing money with endogenously determined interest rate of government bonds,
but the results of the analysis are similar.
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3) During Period 2, each consumer consumes the goods using his savings carried over from
his Period 1, and he leaves a bequest to the next generation. We assume that the bequest is
spent by the next generation consumers in their Period 1, that is, it is spent in Period 2 of the
older generation consumers. Therefore, the bequest is not a literal bequest but a gift from the
older generation to the younger generation, since it is not used after the death of the previous
generation. The bequest is equally distributed to each younger consumer.

4) Each consumer determines his consumptions and bequest in Periods 1 and 2 and the labor
supply at the beginning of Period 1 depending on the situation that he is employed or not
employed.

We use the following notation.

C£: consumption basket of an employed consumer in Period i, i = 1,2.
B®: Bequest by an employed consumer.

C}: consumption basket of an unemployed consumer in Period i, i = 1,2.

BY: Bequest by an unemployed consumer.

cf(z): consumption of good z of an employed consumer in Period i, i = 1,2.
c!*(z): consumption of good z of an unemployed consumer in Period i, i = 1,2.
P;: the price of consumption basket in Period i, i = 1,2.

p;(2): the price of good z in Period i, i = 1,2.

p+1=P,/P, : (expected) inflation rate (plus one).

W: nominal wage rate.

I1: profits of firms which are equally distributed to each consumer.

r: interest rate of government bonds.

I: labor supply of an individual.
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r'(1): disutility function of labor, which is increasing and convex.
L: total employment.
Ls: population of labor or employment in the full employment state.

y: labor productivity, which increases by technological progress, also it is increasing or

decreasing or constant with respect to the total employment, LI

g: economic growth rate,g > 0.

We assume that the population L, is constant.

We denote a bequest to each consumer by consumers of the previous generation by B. We

have

_ 1 ~ ~ _ ~ ~

B = ;[LBB +(Lf—L)B"], L;B = LB® + (L — L)B™.
B® and B“ are, respectively, bequests by an employed consumer and an unemployed
consumer of the previous generation.

3.2 Consumers’ Behavior

First we consider utility maximization of consumers. The utility function of employed
consumers of one generation over two periods is written as

BE

u(ce, sy — (.

PE

The utility function of unemployed consumers is
u(cr, ¢,
PE

We assume that u(-,-,-) is a homothetic function. The consumption baskets of employed and

unemployed consumers in Period i are
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and

o

cr= ([l @ T az) " i=12

o 1s the elasticity of substitution among the goods. ¢ > 1.

The price of consumption basket in Period i is defined by

1

P.= ([} P2y edz) " i= 12
The budget constraint for an employed consumer is

1
1+r

[y P1(@)ci(2)dz +— [, p,(2)ci(2)dz+ B = WI+ 1+ (1+7)B.

The budget constraint for an unemployed consumer is
1 1 1 1 =
Jo 1@t (@dz+ - ) p2(2)ci (z)dz + B =11+ (1 +1)B.
Let
Pycf =P =5

— — 1+r — — — 1+r
T P Ct+—P, CE'+L5'9"8 = horin e+ ps’ l-a—f= P, Cf4+——P,CS+B°
1E1 T 2T Ty T 1+r T o

(44

0 <a<1, 0<p < 1. Since the utility functions u(C%, Cf,i—s) and u(Cf,C;,i—u)are homothetic,
2 2

a and g are determined by the prices, and do not depend on the income of the consumers.

Therefore, we have

P, CT P, CY
- g, 1 g, 1 - T T )
Plcl +EP3C'E +EBE Plcl +EPECJ +EEH

o
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1
}9 — 1+:P3€3 . — 1+: PG
P, ci+ lJﬂ_.r*gfrg".+mﬁ'f' Plc”+—chg +—E”

and

B* BY
—_— a —_— = == .
ﬁ (147)P C]+P,CI+B°  (147)PyCl +P,CY +BY

From standard calculations we obtain the following demand functions for consumption
baskets and bequests (please see Appendix A).

WI+II+(1+r)B BE WIH+II+(1+r)B

g __ — -

,Cz—ﬁ JP ,P—[:l_a_ﬁ) lP 3y
2 2 2

1+ 1+r

WI+II+(1+1r)B

Cf=u
1 P,

Ci‘ — aw’ Czu — Bn-'-ii’ B? — (1 — - ﬁ)H+(l+r]E

Py 1+:lpg J.+:|

Also the following demand functions for good z of employed and unemployed consumers
are derived.

e _ (paEN 7 aWHT+(141)E)
c1(2) = (22) :

»

»

pa(z) ,6’(W!+1'I+(1+r].§]
5@ =(B2)

_fpi@N 7 a@+(1+r)5)
() =(B2)

Il

and

el (z] ,S(H+(1+r]ﬁ']
ci(z) = (2=2)

Pg Epg

From these analyses we obtain the indirect utility functions of employed and unemployed
consumers as follows:

Py 1+ P2 14 2

Ve —u (a WI+H+(1+T]§!B WHH:r(Hr]é, (1—a—p) WI+1‘I+§1+:— ) ra),
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74 = ul a H+(1+r]ﬂrﬁ H+Sl+rjﬂ, (1 —a— 18) WHH:r(Hr]B .
Py - .
Let
W
w=—
Py
This is the real wage rate. Then, we can write
M+(1+r)B

V9=¢J(wl+ ,p,l+?')—1"(£),

V=g (@,y, 1+ ?‘),

Denote
M+(1+r)E

I=wl+

1

The condition for maximization of V¢ with respectto [ given p is

9 ey —
Zw-T'() =0,

where

acy 1+p 1+p

2

o = e+ B (i) + - a =B ()3

Given P,, p and r the labor supply is a function of w.
3.3 Firms’ Behavior and the Government

Let d,(z) be the total demand for good z by younger generation consumers in Period 1.

Then,
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2 (20 TF a(WLI+LTI+Le(141)E) p, (20 "7 a(WLI+LI+L(147)5)
4, () = (22) e = () T,

This is the sum of the demand of employed and unemployed consumers. Similarly, their total

demand for good z in Period 2 is written as

- )
d,(z) = (pg(zj) BWLLL T+ (147)8)

1
Py 1+rFE

Let d,(z) be the demand for good z by the older generation. Then,

(pl(z])_a BW LI+L TI+L(141)B)

1 il
P =P
1 1+r 1

dy(2) =

where W, T, L, [ and B are the nominal wage rate, the profits of firms, the employment,

the individual labor supply, the bequest from the previous generation, respectively, during the

previous period. In the equilibrium all p, (z) are equal, and all p,(z) are equal.

Let
M=B(W Tl+LA+L(1+1)B).
The total consumption of the older generation consumers is

(1+7)M =B +7) (W L+ LA+ L1 +1)B).

It is the planned consumption that is determined in their Period 1. Their demand for good z

-G
is written as (p‘P—(z]) ;’E. The total savings (with interest) is

1 1

(1 —a)(1 +7) (W DI+ LT+ L (1 +1)B).
Government expenditure constitutes the national income as well as the consumptions of the
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younger and older generations. Then, the total demand for good z is written as

d(z) = ("—‘iz])_opi (5)

Py
where Y is the effective demand defined by
Y = a(WLI+ LI+ L (1+7)B) + G + (1 +7)M.

G is the government expenditure. The government determines its demand for good z, g(z),

to maximize the following index.

[

(Jo gt dz)™,

subject to the constraint:
1
Jo P1(2)g(2)dz = G.

Let L and LI be employment and the “employment x labor supply” of firm z. The total

employment and the total “employment x labor supply” are
[, ldz=1, [] Lldz=LL

The output of firm z is Lly. By increasing or decreasing returns to scale y is a function of

L1 In the equilibrium LIy = d(z). Then, we have

dd(z) .
=Y + LIy'(LI).
In a case of constant returns to scale
dd(z)
Ll
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From (5)
dp,(z) — _ p1(2)
ddiz) ad(z)
Thus,
dpi(z) _  pi(E@y+Liy(LD)]  paiE) MJ.N(LFJ]
oLl od(z) T gLl y I

Define the elasticity of the labor productivity by

Liyr(LD)
T
Then,
opi(x) _ _ pa(@(+
aLl oLl

We assume that ¢ is constant and 1+ ¢ > 0. For increasing (or decreasing) returns to scale
technology ¢ >0 (or (¢ < 0)).
The profit of firm z is
m(z) = py(Z) LIy — LIW.
The condition for profit maximization is

am(z)
Ll

oy -2+ 0w - w22 a0 -w o

Therefore, we obtain

1

pi(2) = (l—é)(l+(]yw

Let g =1/0. Then,

1

- w
P = oay
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This means that the real wage rate is
w=1—-m+y
Since all firms are symmetric,

1

=@ = ey

3.4 Market Equilibrium
The (nominal) aggregate supply of the goods is equal to

WL+ LIl = P, Lly.
The (nominal) aggregate demand is

a(WL+L+Le(1+71)B)+G+ (1 +1)M=aP,Lly+aLlq(1+1)B+G+ (1+1)M.
Since they are equal,
PiLly=aP,Lly+ aLs(1+1)B+G + (1 +1)M. (6)

In real terms

_ G+(1+r)M+aLlg(1+r)B
Ly ==,

The equilibrium value of LI cannot be larger than Lgl(Ls). I(Lf) is the labor supply when
full employment is achieved. However, LI may be strictly smaller than LfI(Ls). Then, we

have L <L; and involuntary unemployment exists. If the government collects a tax T from

the younger generation consumers, (6) is rewritten as
P,Lly = a(P,Lly+Le(1+7)B—T)+ G + M.
3.5 Budget Deficit to Maintain Full Employment

Suppose that up to Period ¢ full employment has been achieved under constant prices. Then,

the following equation holds.
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PiLA(LA)Y = a(PILA(LA)Y + Le(1+1)B* ™ =T+ 6" + (1 + r)M*.

Superscript t represents the values in Period t. M*! is the savings, and B*~! is the

bequest of the previous generation consumers. The savings of the younger generation
consumers is

M® + LB = (1—a)(PfLA(Ls)y + Lp(1+1)B** = TF) (8)

=G +L(1+7)B" =T+ (1 +1)M
Their consumptions in their Period 2 and the bequests are, respectively,

B(L+1)(PELA(Ly)y + Ls(1+1)B 1 =T

~ L@ L B T M

and

(1—a—B)A+7r)(PiLA(Lp)y + Le(1+7)B** —TF)

1—a— B
S R et L B T (1 M)

In order to maintain full employment under growth by technological progress (8) must be

equal to (1 + g)(M*~'+ L;B**). Therefore, we obtain

G' —Tt=(g—1r)(M*+LsB"),
or
GE — TP+ (M + LB ) = g(M* 2 + LB, 9)

The left hand-side is the budget deficit including interest payments on government bonds.

Since M*™'+L:B*"' is positive, G =T +r(M*~'+LB"')>0 when g>0. In Period
t+1 M'=(1+g)M™1, B'=(1+g)B" ', and we can assume G'*!=(1+g)G* and

T+ = (1 + g)T* Thus, with Pf*1 = P! we obtain
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PILALA)(1+g)y = a(PiLAL)(A+ @)y — (1+ T + (1+ gL (1+1)B* 1) + (1 + g)6* +
(1+g)(1+rM—2L

This is equivalent to (7), and full employment is maintained by G**! = (1+ g)G* and
T = (1+ g)T*

Budget deficit is necessary under growth because of deficiency of the savings of the older
generation. (9) means that an increase in the savings from Period t to the next period equals

the budget deficit including interest payments on government bonds. (9) does not holds when
the left-hand side is zero or negative, that is, under budget surplus or balanced budget
including interest payments full employment is not realized in a growing economy with

constant prices. However, if r > g, that is the interest rate on government bonds is larger than

the growth rate, we need budget surplus (G*—T*® < 0) excluding interest payments.
Summarizing the results.
Proposition 3

(1) We need budget deficit (including interest payments on government bonds) to maintain
full employment when the economy grows at the positive rate by technological progress
under constant prices.

(2) If the interest rate on the government bonds is larger than the growth rate, the budget
surplus excluding interest payments is necessary to maintain full employment under constant
prices.

3.6 Excessive Budget Deficit and Inflation
Suppose that up to Period t—1 full employment has been achieved under constant prices,

but the government expenditure and/or the tax in Period ¢ may be different from their steady
state values. The steady state is a state such that full employment is continuously maintained
under constant prices. Denote them by G* and T*. We denote also the actual price by F:.

Then, the following equation holds.
PiLA(Lp)y = a(PiLA(LAY + Lp(1+1)B* =T + G* + (1 +r)M*1. (10)

The savings of the younger generation (with interest) is
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M® +Le(1+1)B* = (1 —a)(PEL;I(Lp)y + Ly(1 +1)B*1 = T1) (11)
=G+ L(1+7r)B =T+ (1 + )M,

Their consumptions in their Period 2 and the bequests are, respectively,

B(L+1)(PLA(LA)Y +Le(1+1)B* —T%)

1 fa: (1+7)(G* + L1+ )BT =T + (1 +1)MY),

and
(1—a— B +r)(PiLel(Ls)y + LeB*™ —TF)

e

T (1+?)(Gt+Lf(1+?)B“ TE+ (L +r)M1).

Let

r
1+p_—§> 1.
1

If in Period ¢+ 1 full employment is maintained with pf** = pf > pf, (11) must be equal to

(1+g)(1 +p)(M*+ LB*). Thus,

-~

G'—Tt=(g+p+gp—r)(M™ +LB"Y),
or

GE—TP+r(M + LB = (g +p+gp)(M*™ + LB*Y).
Then, from (9)

GE—TP+r(M + LB ) = (g +p+gp)(M* + LB 1) > g(M** + LB* 1)
=G =T +r(M™ + LB

This means
(1+QpM*~t + LB 1) =G —T*— (G* - T?),

or
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GE Tt —(6t—T")
(1+g)(MF ™ +L B

p= = 0.

ot
Therefore, excessive budget deficit, G* — T — (G* —T?), causes inflation at the rate of % —1.

In Period t+1, M™'=(1+g)1+pM*, B"™'=(1+g)(1+p)B*, and we assume

G =(1+g9)(1+p)G* and T**' = (1+ g)(1+p)T". Thus, with P{*! = P! we obtain

PILA(LA)(1+ g)y
= a(ﬁfol(Lf)(l +y+ A+ g)(L+pL1+1)B" -1+ g)(1+p)TH+(1
+g)(1+p)GT+ (1 +g)(1+p)(1+r)ML,

Since Pf = (1+p)Pf, this is equivalent to (7), and full employment is maintained by

Gl =(1+¢)(1+p)G* and T = (1+ g)(1 +p)T". In this case, inflation occurs for one
period only, and the steady-state value of each variable multiplied by the inflation rate returns
the economy to growth under constant prices.

On the other hand, suppose that in Period ¢+ 1 P{** = (1 + p)P, that is, inflation continues.
Then, the following equation holds.

PELA(LA)(1+ g)(1 +p)y

=aPiLA(L)(1+g)(1+p)y+ (1 + @) (L+p)Le(1+ )BT — (1 + g)(1
+p)TH+ A+ )1 +p)6E+ 1A+ g)(1 +p)(1 +r)ME2L

This is equivalent to (10), and full employment is maintained . In this case, inflation
continues and growth, including price increases, continues under the value of the variables
that caused inflation multiplied by the inflation rate.

Summarizing the results.
Proposition 4

(1) If the budget deficit is larger than the level which is necessary and sufficient to maintain
full employment under constant prices, inflation is triggered.

(2) If inflation occurs for one period only, then the steady-state value of each variable
multiplied by the inflation rate returns the economy to growth under constant prices.

(3) If inflation continues, then growth, including price increases, continues under the value of
each variable that caused inflation multiplied by the inflation rate.
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4. Conclusion

Using a simple macroeconomic model and a model with microeconomic foundations about
behaviors of consumers and firms, we have examined the budget deficit in a growing
economy, and mainly have shown the following results.

1) If the initial savings is positive (or investment of private firms is not large), we need
budget deficit including interest payments on government bonds to maintain full employment
with or without inflation.

2) If the initial savings is negative (or investment of private firms is large), investment of
private firms cannot be financed only by consumers’ investment, but also by the government.

3) If the interest rate on the government bonds is larger than the growth rate, the budget
surplus excluding interest payments is necessary to maintain full employment under constant
prices.
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Appendix A

The consumption baskets and their prices are

[ [

o= (ff e@Fa)” oz =([l @),

(23 o

et = (fy ct@Taz)™ ¢ =(fy @ )™

1

P, = ( f lplﬁz)l-odz)ﬁ,

and

1

P, = ( f . (z)l-odz)ﬁ.

The budget constraint for an employed consumer is
[y P1(@)ci(2)dz +— [, p,(2)cs(2)dz + B = WI+IH(1 +1)B.
The budget constraint for an unemployed consumer is
[y P1(@)c¥(@)dz +— [§ p2(2)ck(2)dz + —— B* =Tr(1 +1)B.
The Lagrange functions for them about consumptions are

Lf=u (Cf, Cf,i—g) -1 (foq p;(2)ct(z)dz + frjoq p,(z)c5(2)dz + fng —-wl-n-(1+ ?')E),
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and

LY=u (Cf,Cz“,%) —J{(foq plﬁz)c;‘(z)dz+ﬁfoq Ds (z)cé‘[z)dz+fr8“ —I- (1+?')§).

We consider utility maximization for an employed consumer. The first order conditions about
consumptions are

uCtcE) e i s
a—cfh(jo c3(2) 7 dz)" c5(2) s — Apy(2) = O, (A.1)
and
UCICEE) 1 et Nem 1 g
Tﬂp(fﬂ c5(z) dz) c5(2) s — A -p.(2) =0. (A.2)

From them we obtain

Bu(ct ¢ o) -

= (o i@ az) ™ [ i@ dz = 2] pi@)es(2)dz =0,

and

Bu(Es ¢ E) -

acs

(1} 5% d2)™ [} 5@ dz = 2= [} pa(@)es(2)dz = 0.

1+r

Then, we get

BE
——F s — A [ py(2)cs(2)dz = 0, (A.3)

and

au(cs.ct )

P2 e ;-Lfr Jy p2(2)cs(2)dz = 0. (A.4)

acs

On the other hand, from (A.1) and (A.2) we have

BE
(au(cf S

) e 1 g, T2 1 g ron T2 1-g 1 1-a
o (fy s@Tdz) [} e2@) s dz— 272 [ py(2)*~dz =,

and
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e 1-

du(cf.ct .E—] g-1 -1 o-1 _ 1-o _

(T") ([ es@=dz) [} cs@=dz—222(2) [ pa(2)*odz =o0.

Thus, we obtain

Be 1
ou(cf.Gp)

act ‘1(!01 Py (Z)l_adz); =0,

and

Be 1
ou(cs.C 5 1

1 P e
acs _AEUO p2(2)" dz) =0
They are written as

BE EE
du(cf..2-) du(cr.cl )
— P _jp, — P} lp, (A.5)

2
acs acs 141

Further, from (A.3) and (A.4) we get
e 1 e e 1 e
P,CT = f.;. p1(2)ei(z)dz. P,C3 = f.;. p2(2)cs(z)dz.
By the budget constraint

P,C{ +——P,Cf + B = WI+TIH(L +1)B. (A.6)

The equations in (A.5) are the conditions for maximization of u (Cf, Cﬁ’,i—j about €f andc%
2

subject to (A.6). The condition for maximization of u (Cf, c;’,i—j about the bequest is
2

Bu(cs.cim)
L T

P, ape 141

This means
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BQ
ou(C{,C5,57) 1
2 211 Pz.
dBe 1+7r

.. . B*
We can show similar results for an unemployed consumer. Since u(Cf,Cf,P—) and
2

u(cy, Cz“,ﬂ—) are homothetic,
PE

PiCf

a = T T ﬁ

e e e’
PiCi+ Py C 4+ B

PyCE
P Cf+—5°

PyCP +l+

are determined by the prices, and do not depend on the income of consumers. Therefore,

P,C P, CY
a4= 1 1 = 1 1 .
e 2 L . u oy uy u
PiC] +1+? P, (5 + 1_|_?,B'? (1+?)P161 117 P,C; 1+?,B
1 1
T+ 20 _ T+ri26
PC+1PC‘"+ L pe pcr+-—L pcit—L pu
1 1+r°272 " 1+r ™ " 1+r°2 1+r
hold. Also we have
| " 1 L
o n_ 1+?‘B _ 1+?‘B
e B_ch L pcst-Ll Be PCt+-iPCly+-iBu
1Y1 T gtz 1+7r b T Y Ty

From these analyses we obtain the demand functions for consumption baskets as follows.

e aWi+TI+(1+7)B) BWI+IT+(1+7)5)
€y = - €3 = S
1 1+r 2
and
cH — a(M+(1+1)5) ¥ — B+(1+1)5)
1 P, » L2 <P,

Also we have

e 1411 =1 u
%=(l—a—ﬁ)w+;(l+r]ﬁ,i—z=( ﬁ)
2 2

P.
1+r 2

1'I+(1+r]E

3

(A.7)

(A.8)
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or

BE=(l—a—B)(WI+I+(1+1)B), B =(1—a—B)(I+(1+1)E).

From (A.1), (A.2), (A.5)

1

P([ et dz) " cs(2) e —pu(@) = 0,

1

P, (f) c8(2)= dz) " 2@ e — = pa(2) = 0.

This means

(23

P (fF cs(2) = dz) T es(2) —pu(2) =0,

[

P (f) 2@+ dz) " e3(z) — = pa(2)7 = 0.

Thus, we have
—F 1 (=3 —F
P; C_f‘31(3) —pi(z)7=0,
and

_a 1 1 —
PP i (@) — P (2) =0

From them and (A.7) we get the demand function for good z as follows.

2

e _ (pa(@ 7 a(WItIT+(141)5)
cf(2) = (2£2) -

)\ 7 BWI+IT+(1+1)5)
c3(2) = (B7) R

Similarly, for an unemployed consumer by (A.8)
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2,2 a(l+(1+r)E)
ci(z) = (222)

PJ. 'DJ. ’

and

o (P@N\ B+ (1 +1)B)
) = () —
1+7r°2

are obtained. In the equilibrium all p,(z) are equal, and all p,(z) are equal.
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