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Abstract

In this paper we try to show that the idea of distance in geometry is larger than the idea of
metric in mathematics, and by this paper students will be able to learn and apply the proof of
the idea that we mentioned above. The idea of this paper was thought during an international
conference on 20 May 2013 in Uzbekistan.
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1. Introduction

As it is well known, Geometry is a subject with which we are all familiar from high school
and which investigates properties of figures in plane or in space. We know that the study of
geometry goes back at least four thousand years, as far back as the Babylonians. Their
geometry was empirical, and limited to those properties physically observable. The 19"
century was a period of rapid development in geometry. Modern definition of geometry was
given by Thurston (1997), and this definition will be our guide.
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Studying geometry is not just learning the definitions or the attributes of geometrical
concepts, but also to have the ability of analyzing the properties of geometric topics, shapes
and develop mathematical arguments about geometric relationships. Geometry is not only
earth measurement, as it is mentioned in ancient Greek, it may be true but not for all the
planes. To be successful in learning Geometry, the understanding of geometrical concepts is
essential. Especially, the distance idea is very important in Geometry. Studying geometry is
an important component of learning mathematics because it allows students to analyze and
interpret the world they live in as well as equip them with tools they can apply in other areas
of mathematics. Therefore, students need to develop an understanding of geometric concepts
as well as gaining adequate geometry related skills. In this project, analysis of the
development of geometric skills about distance, kinematic and isometry are explored in
different geometrical planes.

2. Distance

The idea of distance is of course a powerful one in geometry. First, let's meet the distance in the
Euclidean plane denoted by &, or E,.Letr, plane and Oxy decart coordinate system on this

plane are given. In this case, the distance between the points 4(x,y,) and B(x,,y,)is calculated

as d(4,B)=+(x,—x)*+(, -»)’ . And a metric is required to satisfy the following conditions.

(1) p(x,»)=k=0, k=0 where x=» (non-negativity)
(2) px.»)=p(y.x) (symmetry)
(3) P, < p(x,2)+p(z,) (triangle inequality)

2.1 Example 1

For the distance between two points,d(4,B)=/(x,~x)*+(»,—») we can easily see that the
metric conditions satisfy. Now, let’s show that the idea of distance is larger than the idea of
metric.

Take d(x,y)as a distance and it satisfies only the following two conditions.
(1) d(x,y)=k where & isa {-0,+}quantity

(2) dx.y)=d(y.x) (symmetry)

As it is seen, the conditions of distance are less than the conditions of metric. If we include
triangle inequality and non-negativity conditions then the distance will be metric. Let’s think
the distance between two cities Erbil and Sulaimania in Iraq. d(e,s)=203 k= this is a quantity

of distance. Just like that, we can also think the distance as duration of the trip from one city
to another so d(e,s)=3#(by bus), d(es)=1x(by plane). On the other hand, the distance can be

thought as the cost of trip so d(e,s)=20$ (by bus), d(es)=100$(by plane), d(e,s)=10$(by own
car, only petrol costs), d(e.s)=0$(the distance is taken by a friend’s car which goes to the
same direction).

It is obviously seen that the distance can be in all sorts of quantity like time, cost,... etc.
Apart from, what about the distance concept for the hostess? If we think the distances which
are explained above as positive quantities then, for hostess distance may be thought as a
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negative quantity!

In Minkowskian plane, d(4,B)=4/(x,-x)*-(y,—y)* provides the distance conditions, but it is

not metric.

(D) If (x,-x)*-(,-»)*>0 then distance is real

2)If (x,-x)-(»-y) =0 then the points can’t be coincide
B3)If (x,-x)-(»-y) <0 then distance is imaginary

2.2 Example 2

Find the distance between the points 4(3,5) and B(11,13).

In Minkowskian plane, it is d=/(11-3)’ —(13-5) =\/(8)*—(8’ =0. As you see d=0 but 4z5
(they are not same points, not coincide) even it doesn’t satisfy the first condition of metric, it
is a distance.

In Galilean plane, distance is calculated between the two points A4(x.y) and B(x,.y,)
(Figure 1) as, d,=|x,-x|, if 4,=0 then d4,=|y,-y|. So, we are taking the distance as
projection, if 4, =0 and 4,=0 then 4= 3 (the points are coincide).

It provides distance conditions but not metric, since the third condition of metric (triangle
inequality) doesn’t satisfy as it is seen in the following Figure 2.

YN
2z
A. l - yi— l }_x
: > x
IA’Bl - !AB|=C=a+b

Figure 1. Distance in Galilean Plane  Figure 2. Triangle inequality in Galilean Plane

3. Kinematic and | sometry

Kinematic is a branch of classical mechanics which describes the motion of points, bodies and
systems of bodies without consideration of the causes of motion. What about isometry? An
isometry is a transformation in which the original figure and its image are congruent. If we talk
more about isometry, we may say; isometry is invariant with respect to distance. That is, in an
isometry, the distance between any two points in the original figure is the same as the distance
between their corresponding images in the transformed figure (image). Reflections, rotations,
translations are isometries. Dilation is not an isometry. Simply, kinematics can be shown in the
following ways:
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When we shift the origin 0 to ¢ the kinematic may be got as {x,: ¥ i‘; , and direction of
Y=y

the coordinate axis are same (Figure 3).

NN

L ‘ > x \\\_(1 /'/

e

0(0,0) . Y > x
/ \\*
Figure 3. Shifting Origin Figure 4. Rotation of Axes

When the direction of the arrows are rotated by «, the kinematic may be got as

x'=xcosa— ysin (Figure 4)
Yy =xsina + ycosa & '

The advantage of shifting and rotating of coordinate shows the equation in simple form. This
rotating and shifting is called kinematic(motion), and this motion preserves the distance
between two points. According to the different planes, the distances and kinematics can be
expressed as follows.

3.1 Galilean Plane
The distance between two points in Galilean plane is d,=|x,-x|, if ¢,=0 then d,=|y,-»],
X=x+a

and the kinematic which preserves the distance is f :{ , .
V=hx+y+b

3.2 Minkowskian Plane

The distance between two points in Minkowskian plane is ~ d(4,B)=+/(x, -x)* - (», - »)* , and

x =xcosha+ ysinha+a

’

the kinematic which preserves the distance is . )
y =xsinha + ycosha+b

3.3 Euclidean Plane

The distance between two points in Euclidean plane is d(4,8)=4/(x, -x)>+(»,-»)*, and the

4 .
. . . . . X =Xcosa—ysmma+a
kinematic which preserves the distance is f:{", = Y .
y =xsina+ ycosa+b

3.4 Example

Find the new vertices and area of the right angled triangle A408 whose vertices are
0(0,0) , A(4,0),B(0,4) after rotating by a=60° and shifting «=1, »=1 unit.

Solution: After doing necessary algebraic operations, we get the vertices of the new right
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angled triangle A4'0'B as follows:
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X=0-0+1=1

. |¥ =4c0s60" ~0sin60" +1=3 .| ¥/ =0c0s60° ~4sin60" +1=1-2V3
: ¥ =0+0+1=1

) =4sin60° +0cos60° +1=1+23

and 0
' =0sin60° +4cos60° +1=3 {

A ,

4’ 3.1+ 2.3)

Figure 5. Example

Now, let’s compare some properties of these two right angled triangles. For example |04/=4,

|oB|=4, |4B/=4y2and s, = %|0A||OB| = %4.4 =8 unit square.

0| =\(1+23-17 +(1-3) =124 =V16=4, [0B]=J1+23-1) +(1-3)* =12+4 =16 =4,
AB|=(-23+1-37 +(3-23 -1 =\12+83 +4+4-83 +12 =32 =42 andSA/ofB:% o040 =%4.4=8

unit square.
4. Limited Point Geometry

So far, we have studied about plane geometry. Now, we can see the same ideas in limited
point geometry in which we don’t need plane.

0O O O

Let’s define the distance in this geometry as the shortest path which is taken
o (0] O by the number of the points, and it allows — horizontal, | vertical and
0 diagonal, as one unit.

© 0 ©o
a, dyp dy
e.g. d(a,.a,)=2 (passing through «, —a, —a,)and d(a,.a;)=2 A, d,, Qy

s dy dy
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Totally, we have s:%qf:%.gf';!zls different distances. Let us explain the distance on

different examples as follows:

(1) Circle is the curve traced out by a point that moves, so that its distance from a given point
is constant (Figure 6). So a,, is at the center and the other points are equidistant to a,, .

© o o
© . ©
© o o

Figure 6. Circle in Limited point geometry

(2) What about square? The answer is clear; again we get the same Figure 6.

(3) What about line in this geometry? As it is mentioned above, we define line as the shortest
distance which joins two points.

ra i
(‘..i L= ;l

R

a
23
a,
a
33
a3 Ay

Figure 7. Lines Figure 8. Lines in Limited point geometry

In Figure 7, the red line passes through «, and a,,, the blue one passes through «, and a,,.
These lines in Figure 8 pass through 4, and «,. The Euclidean’s axiom is broken in this

geometry, because it says “just a line passes through two points”! Now, let’s try to show a
triangle in this geometry.

(@) s O

0 o O

BO © Oc

Figure 9. Triangle in Limited point geometry Figure 10. Basic elements of the triangle
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As shown in Figure 9, we can see different triangles in that way, and triangle inequality can
be seen easily i.e. BC<4B+4c. Figure 10 indicates the distances: AD median (in ABC
equilateral triangle), BE median (BE is a straight line), and CF median (CF is a straight line).
We have defined distance, now we need the kinematic which preserves this distance, and it
can be shown as follows:

Diagonally Horizontally Vertically
a4y 4y a3 4y Ay dz 4 4y
a, 4y, 4y ay Ay dy Uy Aoy Ay
a3 dy; Ay a4 dg dy; Ay 4y

We may do the same operations by using 16 points, and for this one we have
, 11615

———=60 different distances.

g1
27 2 2

Finally, we may use a chess board (64 points!) and on the chess board by chess pieces some
of the kinematics will be as follows:

= King == Queen z Rook === Bishop m Knight ‘ Pawn
1) According to King : — horizontal, | wvertical and 0
diagonal.

2) According to Rook : — horizontal, and | vertical

3) According to Knight : — and J like letter L .

Figure 11. Chess board

By using the same definitions; triangle, square, and circle can be shown. Attention to the
figures which can’t be familiar with the one we have studied before!

5. Conclusion

The aim of the paper is to make the teachers and high school students become aware of
distance, kinematic and isometry topics and provide them a new perspective. In that regard,
the results of the study revealed may serve well as a source for both learning and teaching
some geometric concepts. We can complete our paper by modern definition of geometry
which is given by W.P Thurston, as taking d(x,y) distance such that d(x,y)=d(f(x).f(»))and

d(x,y)=d"(x",y") . If this condition provides d(x,y)=d’(x",y")=d(f(x),f(»)) then it is called

isometry, and denoted by v = somx . The science that teaches the properties of the elements of
the sum (X.LsomX) is called geometry. High school students visually recognize geometric

topics and figures by their global appearance. They recognize circles, triangles, squares, ...,
by their shapes, now they will explicitly identify the appearance from another perspective.

109 http://ire.macrothink.org



< ISSN 2327-5499
Institute™ 2015, Vol. 3, No. 1

And also, they will be able to start analyzing the properties of geometric topics, figures and
learn the appropriate terminology to describe them, after this article, perhaps they will search
interrelate technical terminology to describe figures or properties of figures.
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