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Abstract 

Balanced designs are often needed in agriculture, economics and other context. A series of 
balanced designs called incomplete block change-over design (IBCOD) has been developed. 
The analysis and the problems of IBCOD which also provide estimates of first-order and 
second-order residual effects have also been presented. 
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1. Introduction  

The experiments in which each experimental unit receives a cyclical sequence of some or all 
of the treatments one at a time over a certain period of time are known as change-over 
designs. These designs have been used advantageously in several fields of research, notably 
in nutrition experiments with dairy cattle, clinical trials in medical research, psychological 
experiments, long-term agricultural field experiments and bio-assays. These designs are 
widely used when homogeneous experimental units are scarce. The distinguishing feature of 
such an experiment is that any treatment applied to a unit not only in the period of its 
application but also leaves residual effects in the succeeding periods (Sharma et al., 2007). 
They are generally capable of providing treatments comparisons of high precision because 
they eliminate the difference among experimental units from the error variation.  

A large volume of literature in design of experiments is available to study the change-over 
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designs. These designs have been devised by several research workers: Williams (1949, 
1950), Patterson (1950), Patterson and Lucas (1962), Barenblut (1964), Saha (1970), Lawless 
(1971), Sharma (1975), Kershner and Federer (1981), Pigeon and Raghavarao (1987), 
Chowdhury (1987) and Varghese et al. (2000) etc. are few of them. Literatures on higher 
order residual effects in the case of change-over design are limited. Hence, we are interested 
to construct a change-over design for first-order as well as second-order residual effects.  

There are several situations where change-over designs are essential: (i) each experimental 
unit can be used for several tests to reduce the cost of the experiments; (ii) in most of the 
experiments the treatment effects do not have a serious bad effect on the experimental units 
and hence these units can be used for further experiments; (iii) in some experiments human 
beings or animals are used as experimental units and hence it needs long-term training. So, 
after completion of the experiments due to time constraint, some experimenters have to use 
these experimental units for further several tests; (iv) when the objective of the experiments is 
to find out the effect of different fertilizers, drugs, nutrition etc.; and (v) sometimes the 
experimental units are scarce therefore the experimental units have to be used repeatedly. 

The organization of the paper is as follows. In section 2, we discuss the residual effects. 
Conditions for balanced design are discussed in section 3. We also explain the construction of 
incomplete block change-over design (IBCOD) in section 4. Section 5 illustrates IBCOD 
with an example. Analysis of our proposed IBCOD is discussed in section 6. Finally, section 
7 contains concluding remarks. 

2. Residual Effects  

Change-over designs are the most used designs where treatments are applied in sequences to 
each experimental unit at times where the effects of certain treatments continue-during the 
subsequent periods get entangled with the carry over or residual effect of the previous 
treatment. The residual effects that persist up to the k -th period are known as k -th order 
residual effect. This feature of residual is the distinguishing feature of change-over designs. 

Residual effects are independent of the treatments applied in the period in which they are 
observed. In this case direct and residual effects are said to be additive. For example, 1, 2, 3 : 
2, 1, 3 the measurement of the first order residual effect of treatment 1 is made in the second 
period of first sequence and the third period of second sequence. If d  is the direct effect of a 
treatment and r  the first-order residual effect, r′ , the second-order residual effect and so 
on, then the measurements in the two sequences are 1,d 2 1,d r+ 3 2 1d r r+ +  :  2 ,d 1 2 ,d r+  

3 1 2d r r+ + .    

3. Condition for Balanced Design 

Direct and residual effects of treatments can be estimated without much involvement, the 
designs should be balanced. Designs which posses the following properties will be balanced:  

 Differences of direct effects of any two treatments are estimated with equal precision.  

 Differences of residual (first order and second-order) effects of two treatments are 
estimated with equal precision.  
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Let us consider the layout plan of the design consisting of b  sequences for v  treatments in 
the periods such that 

(i) no treatment symbol occurs in a given sequence more than once; 

(ii) each treatment symbol occurs in a given period an equal number of times; 

(iii) every two treatment symbols should occur together in the same number of 
sequences;  

(iv) each ordered succession of two treatment symbols should occur equally often in 
the sequences;  

(v) every two treatment symbols occur together in the same number of curtailed 
sequences formed by omitting the final period; 

(vi) in those sequences where a given treatment occurs in the final period, the other 
treatments should also occur equally often;  

(vii) in those sequences where a given treatment occur in any but the final period, each 
other treatment should occur equally often in the final period; 

(viii) each treatment is preceded two periods earlier by each other treatment equally 
often; 

(ix) each ordered pair of treatments occurs at the end of a sequence with equal 
frequencies; 

(x) in those sequences in which a given treatment occurs in the last but one period the 
other treatments occur equally often; 

(xi) in those sequences in which a given treatment occurs in any but the last but one 
period the other treatments occur equally often in the last but one period.  

The design satisfying the conditions mentioned above will be balanced for first and 
second-order residual effects.  

These designs are capable of providing treatments comparison of high precision because they 
eliminate the difference among experimental units from the error variation.     

4. Construction  

Let us consider the balance incomplete block design (BIBD) with ,b v=  
1,r k v= = − 2vλ = − , where v  is any odd number. Associating William’s Special Latin 

Squares with each block of the above mentioned design, an incomplete block change-over 
design is obtained with , 1, 1v b k v p v= = − = −  which will satisfy all the conditions for 
balanced designs. Further instead of taking (v –1) periods we consider only first p periods, 
when 3p ≥ , then also we obtain an IBCOD design with parameters 

, 1, 1v b k v p v= = − = − satisfy the conditions for balanced design of first-order and 
second-order residual effects. 
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5. An Illustration  

Let v = 5 be the number of treatments. A balanced incomplete block design for 5 treatments 
in block size four is considered.  

 

1 2 3 4
2 3 4 5
3 4 5 1
4 5 1 2
5 1 2 3

          (5.1) 

Associating (5.1) with William’s Special Latin Squares we obtain an IBCOD design with 

5, 4, 4.v b k p= = = =  

Table 1. Sequences of IBCOD 

Period Block I  Period Block II  Period Block III  Period Block IV  Period Block V 

1 1 2 3 4  1 2 3 4 5  1 3 4 5 1  1 4 5 1 2  1 5 1 2 3 

2 2 4 1 3  2 3 5 2 4  2 4 1 3 5  2 5 2 4 1  2 1 3 5 2 

3 3 1 4 2  3 4 2 5 3  3 5 3 1 4  3 1 4 2 5  3 2 5 3 1 

4 4 3 2 1  4 5 4 3 2  4 1 5 4 3  4 2 1 5 4  4 3 2 1 5 

In this above design if the last period is omitted we obtain another IBCOD design with 
5, 3, 3.v b k p= = = =  

6. Analysis of IBCOD Design  

Let us consider an IBCOD with parameters , ,v t b k= and p , i.e., t  treatments in b  blocks 
of k  units each and in p  periods. We assume the following usual fixed effects model for 
analysis:  

( )1ijklmn i j kj m n ijklmijY µ π β α τ ρ ρ πβ ε′= + + + + + + + +        (6.1) 

 

1,2, ,i p=   (number of periods); 1,2, ,j b=   (number of blocks); 1,2, ,k k=   (number 
of units in a block); , , 1,2, ,l m n t=   (number of treatments with the restrictions).  

 

( )

( ) ( )

1
1

0.

i j kj m n
i j k m n

ij ij
i j

for every jπ β α τ ρ ρ

πβ πβ

′= = = = =

= = =

∑ ∑ ∑ ∑ ∑ ∑

∑ ∑
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where, ijklmnY  is the observation corresponding to the i-th period and k-th unit in the j-th 
block receiving treatment l  immediately preceded by treatment m  and immediately 
preceded two periods back by treatment n . µ  denotes the general mean effect, iπ , i-th 
period effect, jβ , j-th block effect kjα , effect of the k-th experimental unit within the j-th 
block 1τ  direct effect of the treatment l , mρ  and nρ′ , first and second-order residual 
effect of the treatment m and n respectively. ( )ijπβ , the interaction effect between i-th period 
and j-th block and ijklmnε  is the random error component assumed to be normally distributed 
with mean zero and constant variance 2σ . 

Let the letters 1 , ,′ ′ ′′i it s r s r s  be used for the least-squares estimates of ,τ ρ′ ′i is s  and ρ′′i s  
respectively. 

1,2, ,i t=  . Let us further define 

(i) Sum of the block totals taking only those blocks which contain treatment i, by 

( )i
j

j
B∑ .  

(ii) Sum of the unit (sequences) totals taking only those units which contain treatment 
i (a) in the last period by [ ]

1
1

iS∑ , (b) in the last and last but one period together 

by  { }
1

1

iS∑ , 

(iii) Sum of the period totals taking those blocks which contain treatment i, (a) in the 

first period by ( )( )1
i
j

j
PB∑  and (b) in the first (i = 1, 2, j = 1, 2, …, b) and second 

period by ( )( )

1,2, 1,2,...,

i

ij
i j b

PB
= =
∑  . 

Now it can be shown that for an IBCOD design, the reduced normal equations for estimating 
direct and first and second-order residual effect under the model (6.1) come out as follows:  

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )1 1

1 ;

1 1 1 1 ;

i
i j i j j

j i j i j i

i
i j kj j i jj

j i kj j i j j i

T rkm k b rkt r r

R r k m kP k b s t r k r p b r

λ λ

λ λ

≠ ≠ ≠

≠ ≠ ≠

′= + + + + −

′= − − + − − + + − − + −

∑ ∑ ∑

∑ ∑ ∑ ∑ ∑
 

( ) ( ) ( ) ( )
1 22 2 i

i j kj
j kj

R r k m k P P k b s′ = − − + + − −∑ ∑  

            (for first two periods) 
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     ( ) ( ) ( ) ( )
1,2
1,2,...

1 1 2 ;j j i ij
j i j i i

j b

t r r k r pbλ λ
≠ ≠ =

=

′+ − + − + − −∑ ∑ ∑  

( ) ( ) ( )

( ) ( ) ( )

2 2 1

1 2 2 ;

i i
j j i j i

j j j i

j i j
j i j i

B rk m k b rkt k t r k r

k r r k r k r

λ

λ λ
≠

≠ ≠

= + + + + −

′ ′+ − + − + −

∑ ∑ ∑

∑ ∑
 

[ ] [ ] ( )1
1

1 ;i i
j kj i j j j

j kj j i j i j i
s rkm k b k s kt t r rλ λ λ

≠ ≠ ≠

′= + + + + + + −∑ ∑ ∑ ∑ ∑ ∑  

{ } { }

( ) ( )

1
1 ,

2 2 2 2

2 1 2 2 ;

i i
j kj i j i

j k j j i

j j
j i j i

s rkm k b k s kt t kr

r r

λ

λ λ
≠

≠ ≠

= + + + + +

′+ − + −

∑ ∑ ∑ ∑

∑ ∑
 

( ) ( ) ( )2
11

i
j i j ij ij

j j j i j
PB rkm k p k b kt t kr k pbλ

≠
= + + + + + +∑ ∑ ∑ ∑  

( ) ( ) ( ) ( )

( )

2
2 1 21

1,2
1,2,...

2 2 2

2

i
j j ij

j j j

j i j ij
j i j i i

j b

PB PB rkm k P P k b kt

t kr r k pbλ λ
≠ ≠ =

=

 
+ = + + + + 

  
+ + + +

∑ ∑ ∑

∑ ∑ ∑
             (6.2) 

where, iT  is the total of the observations from the plots having treatments i , iR , the totals 
of the observations from the plots which had treatment i  in the preceding period and iR′  
the totals of the observations from the plots which had treatment i  in preceding two periods. 

Eliminating block effect, sequence effect, period effect, the reduced normal equations are:  

( ){ } ( ){ } ( ){ }1 1 / 3 2 / ;i i i iP c r k t c r k k r c r k k rλ λ λ ′= − + − − + − − +             

( ){ } ( ) ( ){ }

( )( ) ( )( ){ }
2 2

2 2

1 / 1 / 1

2 1 1 /

i i i

i

Q c r k k t c k k k r k r

c k k r k k k r

λ λ

λ λ

 = − − + + − − − +    

  ′− − − − + − + 
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( ){ } ( )( ) ( )( ){ }
( )( ) ( ) ( ){ }

2 2

2 2 2

3 2 / 2 1 1 /

2 2 4 2 2

i i i

i

M c r k k t c k k r k k k r

c r k k k k k k r

λ λ λ

λ λ

 = − − + − − − − + − +    

  ′+ − − − + − − − 

    (6.3) 

where, ( ) ( )1/ ,i
i i j

j
P T k B= − ∑  

( ) ( ) [ ] ( )2
1 1

1

1 11 / ii
i i j j

j j
Q R k k B s PB

k k
    = − + + +        

∑ ∑ ∑         

and  

( ) ( ) { } ( ) ( )2
1 1 2

1

1 12 / ii
i i j j j

j j
M R k k B s PB PB

k k

 
 ′= − + + + +     

∑ ∑ ∑ ∑      

and c = 1, when v is even and c = 2, when v  is odd.  

On simplifications, assuming c = 1 here, the estimates of direct, first and second-order 
residual effect are as follows:  

[ ] [ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ]

ˆ / / / ;

ˆ / / / ;

ˆ / / /

i i i i

i i i i

i i i i

t A p B Q C M

r B p D Q E M

r C p E Q F M

= ∆ + ∆ + ∆

= ∆ + ∆ + ∆

′= ∆ + ∆ + ∆

          (6.4) 

where,  

( ) ( ){ }( ) ( )( ) ( ) ( )

( ) ( )( ) ( )( )

4 2 2 2

24 2

1/ 1 1 2 2 4 2 1

1/ 2 1 1 ;

A k r k k k r k k k k k

k k k r k k

λ λ λ

λ λ

 = − + − − − − − + − − − 

 − − − − + − + 

 

( ){ } ( )( ) ( ) ( ){ }
( ) ( )( ) ( )( ){ }

3 2 2

3 2

1 / 2 2 4 2 1

3 2 / 2 1 1 ;

B r k k r k k k k k

rk r k k k r k k

λ λ λ

λ λ λ

= − + − − − + − − −  

 + − + − − − + − + 

 

( ){ } ( )( ) ( )( ){ }
( ) ( ){ }( )

3 2

3 2

1 / 2 1 1

3 2 / 1 1 ;

C r k k k k r k k

rk r k r k k k

λ λ λ

λ λ

= − + − − − + − +  

 + − + − + − − 

 

( ){ } ( )( ) ( ) ( ){ }
( ){ }

2 2 2

24

1 / 2 2 4 2 1

3 2 / ;

D r k k r k k k k k

r k k

λ λ λ

λ

= − + − − − + − − −  

− − +  
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( ){ } ( )( ) ( )( ){ }
( ){ } ( ){ }

2 2

2

1 / 2 1 1

1 3 2 / ;

E r k k k k r k k

r k r k k

λ λ λ

λ λ

= − + − − − + − +  

 + − + − + 

 

( ){ } ( ) ( ){ }2 22 2 21 / 1 1 / ;F r k k k k r k kλ λ= − + − − − − +        

and ( ){ } ( ){ } ( ){ }1 1 / 3 2 /r k A r k k B r k kλ λ λ∆ = − + − − + − − +        

 
From (6.3) the estimates of variances are as follows:  

( ) ( ) ( )2 2 2var 2 / , var 2 / var 2 /i j i j i jt t A r r D r r Fσ σ σ′ ′− = ∆ − = ∆ − = ∆       1, 2,...,i j t≠ =  

Following Lucas and Patterson (1962), the efficiency factors for direct, first and second-order 
residual effects respectively are as follows:  

( )
( )
( )

2

2

2

2 / / var /

2 / / var /

2 / / var /

d i j

r i j

sr i j

E nk t t Ank

E nk r r Dnk

E nk r r Fnk

σ

σ

σ

 = − = ∆ 
 = − = ∆ 
  ′ ′= − = ∆ 

         

Table 2. Analysis of Variance of IBCOD 

Variation due to Degrees of Freedom S.S M.S.S 
Blocks (b – 1) +  
Periods (p – 1) +  

Block x Periods (b – 1) (p – 1) +  
Units within block b (k – 1) +  

Direct Effect (v – 1) 
1

i i
i

t p
=
∑   

First order residual 
effect (v – 1) i i

i
rQ∑   

Second-order 
residual effect (v – 1) i ir M′∑   

Error NP – b (p + k – 1) – 3 
(v – 1) 

2
eS  (by subtraction) 

2
2*

. .
e

e
Ss

error d f
=  

Total NP - 1   
+Calculated in the usual way, 
* 2

es  is an estimate of 2σ  

N is the total number of units (sequences) in the design.  
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7. Conclusion  
Change-over designs are generally proposed to get direct and first-order residual effects of 
treatments when treatments are applied in sequences. In this study this problem has been 
explored with the assumptions of presence of second-order residual effects. In some practical 
situations, in particular in triple cropping system which is prevalent in Bangladesh the 
second-order residual effect cannot be ignored. So, the investigation made in this study would 
be useful for agricultural country like Bangladesh.  
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